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Abstract. In 1945, R. Fox introduced the so-called Fox torus homotopy groups in which 
the usual homotopy groups are embedded and their Whitehead products are expressed as 
commutators. A modern treatment of Fox torus homotopy groups and their generalization 
has been given and studied. In this note, we further explore these groups and their proper- 
ties. We discuss co-multiplications on Fox spaces and Jacobi identities for the generalized 
Whitehead products and the T- Whitehead products. 



Introduction 

In an attempt to give a geometric interpretation of the Whitehead product of [27], R. Fox 
[HI [TO] introduced the so-called torus homotopy groups r n (X, x ) of a space X. For each 
n > 1, the group r n (X, x ) is completely determined by the classical homotopy groups 
7Tk{X, Xo) for k < n and the Whitehead products of the elements of 7tk(X, Xq). In fact, for 
any given a G TT m (X,x ) and (3 G ir n (X, x ), the Whitehead product [a, 0\ when considered 
as an element in Tk(X, xq), k > n + m — 1, is a commutator. 

The Fox torus homotopy groups were given a modern interpretation and were generalized 
in [13]. Evaluation subgroups of r n were defined and their relationships with the classical 
Gottlieb groups were also studied. Moreover, it was shown in [13] that the generalized 
Whitehead product when embedded in the same spirit as [2] in a larger (and different) group 
is a commutator as well. 



In 1954, M. Nakaoka and H. Toda [20J proved a Jacobi identity for the classical Whitehead 
products involving elements in higher homotopy groups. In fact, they gave two such proofs 
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one of which made use of the Fox torus homotopy groups. We should point out that H. 
Suzuki (1954) [251, G - Whitehead (1954)121], S.C. Chang (1954)0, P. Hilton (1955) [El, 
H. Uehara and W. Massey (1957) [26], and W. Barcus and M. Barratt (1958) [3] obtained 
the same or similar Jacobi identities independently. Furthermore, Barcus and Barratt also 
derived a Jacobi identity in which one of the elements is in the fundamental group. In 1961, 
P. Hilton [T7] published a short note extending the Jacobi identity by allowing elements from 
the fundamental group. 

For the generalized Whitehead productQ, the Jacobi identity was first proved by D. Cohen 
(1957) [3 Section 5.8], in the language of carrier theory. It was pointed out by M. Arkowitz 
that such identity was also obtained in his doctoral dissertation (1960). When A, B and 
C are suspensions, the Jacobi identity was obtained independently by J. Boardman and B. 
Steer (1967) [5, Equation (4.4)], and by H. Ando (1968) [1, Theorem 5.4]. The most general 
form of the Jacobi identity was due to JW. Rutter (1968) [231, 124] who presented two proofs 
of the Jacobi identity for the generalized Whitehead product, under the assumption that 
HA, YjB, and EC are homotopy co-commutative. We should point out that J. Neisendorfer 
(1980) proved a Jacobi identity J2TJ Proposition 9.10], for the external Samelson product 
(•, •) for [Zi,Gf\, [Z 2 ,G], and [Z^,G] where each Zi is co-abelian (i.e., Z^ has weak category 
< 1) and G is group-like. In fact, (•, •) is the same as the generalized Whitehead product 
[281 P- 467]. When G = MX, Corollary 9.70 of [21] implies that [Z,SIX] = \EZ,X] is an 
abelian group when Z is co-abelian. This means that HZ is homotopy co-commutative. 
Thus the Jacobi identity of Neisendorfer's follows from that of Flutter's. Furthermore, there 
are examples due to W. Gilbert [UJ (see also 0, Example 2.60, p. 70]) where a space X is 
not co-abelian while EX is homotopy co-commutative. 

The objective of this paper is to further explore the Fox torus homotopy groups and their 
generalizations. In particular, Section 1 takes up the study of Fox torus homotopy groups of 
spheres, Eilenberg-MacLane spaces, and Fox spaces. Section 2 explores Fox spaces F n and 
their co- multiplication sets C(F n ) for n > 1. Section 3 is concerned with Jacobi identities 
for the generalized Whitehead product studied in[3l21IIBll51IIll2DI231l211l22]. By using 
the generalized Fox torus groups studied in JTSJ, we give a unified approach to the Jacobi 
identities of Rutter's [23] and of Hilton's [TTj. In Section 4, we generalize the Fox torus 
groups to T-Fox torus groups for any co-grouplike space T. We improve the Jacobi identity 
in [22] for the T- Whitehead product. 



1 The generalized Whitehead products of [IJ [7] are slightly different from the others although they are 
all defined based upon commutators. 

2 When Z is a connected CW-complex, this result was already obtained by I. Berstein and T. Ganea [H 
Corollary 3.3]. 
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The authors are very grateful to Professor N. Oda for his very careful reading of the previous 
version of this paper and all valuable comments and suggestions. We also thank Professor 
M. Arkowitz for bringing [5] to our attention regarding spaces X of weak category > 1 while 
SX is homotopy co-commutative. 

1. FOX SPACES 

First, we recall from [9], [10] the definition of the ra-th Fox torus homotopy group of a pointed 
space X, for n > 1. Let xq be a basepoint of X, then 

r n (X,x ) = 7r 1 (X T "~ 1 ,x^) 

where X T " 1 denotes the space of unbased maps from the [n — l)-torus T n_1 to X and xq 
is the constant map at Xq. When n = 1, Ti(X, Xq) = tti(X,Xq). 

To re-interpret Fox's result, we showed in [13] that 

the group of homotopy classes of basepoint preserving maps from the reduced suspension of 
T n adjoined with a distinguished point to X. As a result, we call F n = £(T™ -1 U *) the 
n-th Fox space with Fx = S 1 the circle. 

One of the main results of [10] is the following split exact sequence: 

n 

(1.1) o^H^ix, 

i=2 

where eti(n) is the binomial coefficient (TTq)- 

With the isomorphism r n _i(ftX) S nT=2 7r <(- X '> ^o) ai(n) shown in [131 Theorem 1.1], (01) 
becomes 



(1.2) -> r n _!(fiA) -> r„(X) *A" r n _ x (X) -> 1 

or equivalently 

-> [T,F n _i_,X] -> [F n ,X] ^ [i^X] -> 1. 
Using (11. II) . the following is easy to verify. 
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Proposition 1.1. For any pointed space X with basepoint xq, Tk(X,Xo) = 1, for all k < n 
if and only if-Kk(X, Xq) = 1, for all k < n. Moreover, r n (X, Xq) = 7r n (X, x ) if and only if 
X is (n — 1) -connected. 

For any n > 1, the n-th Fox space F n has the homotopy type of ST" -1 V S 1 . In fact, the 
natural isomorphism 

[F n ,X] = [EF n _i,X] x [F n _ l5 X] 
from the split exact sequence (11.21) yields: 

Proposition 1.2. For any integer n > 1, we have a homotopy equivalence 

F n ~ SF n _! V F„_x. 

As already pointed out in [10J, one can define a Hurewicz homomorphism p n : r n (X, Xq) — > 
H n (X; Z), where Z is the group of integers. It follows from Proposition ll.ll that the (absolute) 
Hurewicz Isomorphism Theorem holds for the torus homotopy groups as in the classical case. 

Example 1.3. Let X = § n , the n-sphere. For all k < n, r fc (§ n ) = ir k (S n ). Using (jTIjl . we 
have r n+ i(S n ) = 7T n+ i(S n ) x 7r n (S n ). More generally, we use QT2) to obtain 

r m (S")^ m . 1 (ffi>r m . 1 (S n ). 

Example 1.4. Let X = K(ir,n) be an Eilenberg-MacLane space of type (jr, n) for some 
abelian group ir and n > 2. It follows from (II. ip that 

m 

(1.3) r m (X) = H^X^or^ x r m _!(X). 

2=2 

Since X = K(ir,n), we get r m (X) = ir m (X) = 1 for m < n and r n (X) = 7r n (X) = 7r. For 
fc > 1, (USD yields 

r n+fc (X) S 7r a ^ n+fe ) x r n+fc _!(X). 

The semi-direct product structure comes from the Whitehead products which are all trivial 
since X = K(ir,n). Hence, we conclude that T n+ k(X) is a direct sum, i.e., 

r n+k (X) - n n (Xr^ - vr^o (-^0 
i=o 

for any > 0. Using a straighforward application of the Pascal's triangles one obtains that 

'n — 2 + A v^-> /Vi — 2 + A fn + k — 1 



v n - 2 y ^ \ j 7 V k 



3=0 v 7 J'=0 



Therefore, for any space X of type K(ir,n), we have 

1, if m < n; 



TjAm-rJ if m > n. 



T m (X) : 

If n = 1, that is, X = K(tt, 1), then it is easy to show that tj.{X) = it, for all k > 1. 

Next, we show that the wreath product I appears in the second torus homotopy group of the 
Fox space F n . 

Example 1.5. For any positive integer n, consider the n-th Fox space F n . It was shown in 
[T5] that F n has the homotopy type of a bouquet of spheres. More precisely, 

n 

i^V( §l ) 7l(n) ' 

i=l 

where ji(n) is the binomial coefficient ("Zi)- It follows that iri(F n ) = Z and 



!.)■ 

J = -co 



where F n denotes the universal cover of F n . Now, fll.ip leads to the wreath product 

T2(F n ) a* ir 2 (F n ) x n (F n ) 1 n ~ l I Z 

since the action of 7Ti on the universal cover is the translation along the real line which covers 
the only copy of S 1 in F n . 

Moreover, F m ~ VHi (S 4 ) 7 ^"^ is a homotopy retract of F n ~ VILi (§ 1 ) 7 provided that 
m < n. Therefore, we derive: 

Proposition 1.6. Let m<n. Then, there is an inclusion of groups 

r k {F m ) C r k {F n ) 

for k > 1 . 

Remark 1.1. The calculation of the torus homotopy groups of an Eilenberg-MacLane 
space X of type K(tc, n) in Example 11.41 can be done directly as follows. Note that F m ~ 
Vi=i Therefore for m > n, the number of n-spheres in F m is precisely ( m i) = 

(m-n) - ^ ne ^ ac ^ ^ ne Whitehead products all vanish implies that r m (X) is isomorphic to 
the direct sum of (!"~ ) copies of 7r. We should point out that the co-multiplication of F m 
does not yield a different group structure on r m (X) because X has no non-trivial homotopy 
groups in dimensions other than n. 



2. Generalized Fox torus groups and co-multiplication 



In this section, we further explore the Fox spaces and examine co-multiplications on them. 
The functor r n was generalized in [13] as follows. 

Definition 2.1. Let X be a space and xq G X. For any space W, the W-Fox group of X is 
defined to be 

t w {X,x ) = [E{WU*),X\. 
It is clear that tw reduces to r n when W = T n ~ x . 

We can further generalize Proposition 11.21 by the following construction. For any pointed 
W, we let 

$(W) = Y.W V W. 

Then, for any n > 2, 

?n(W0 = SJn-l(W0Vy»-lW 

or 

with = W. Certainly, ^(S 1 ) ~ F n . Furthermore, we can easily check that 

[S(W),X} = [W,A S (X)} 
for any pointed space W where A$(X) = X x QX. 

The definition of tw prompts another generalization of the Fox space as follows. 
Definition 2.2. For any n > 2, we let 

$ n (w) = z(w n - 1 u*). 

It follows that when W = S 1 , we have F n = ff n (S x ) ~ ^(S 1 ). 

Consider the suspension co-multiplication on ^(S 1 ). While ^(S 1 ) and ^(S 1 ) are homotopy 
equivalent, they are not as co-if-spaces. To see that compare [^(S 1 ), F 2 ] with [^(S 1 ), F 2 ]. 

Then, [^(S 1 ), F 2 ] = t 2 {F 2 ) ^ (0°l_ oo (Z)^) x Z = Z?Z, by the calculation in Example O 
On the other hand, ^(S 1 ) = SS 1 V S 1 = § 2 V S 1 . It follows that 

[^(S 1 ),^] = [§ 2 V§\S 2 VS 1 ] 

^ [s 2 , s 2 v s 1 ! e rs 1 , s 2 v s 1 ! 



oo 



(zyez. 



j=-oo 
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Following e.g., [T2], Proposition 1.1], the kernel of the obvious epimorphism 

[^(S 1 ),^ 1 ) Vff n (S x )] - [^(S 1 ),^ 1 ) x ^(S 1 )] 

is in 1-1 correspondence with the set C(5n(S 1 )) of co- multiplications on the co- if -space 
^(S 1 ) for n > 1. Because ^(S 1 ) ~ F n ~ Vi=i(S l ) 7i ^ n \ we get the epimorphism 

\\/ n (s^'W.V" (sy^VV/ 1 (§T l(n) l -> [V™ (ST l(n) >V™ (§T l(n) x\/ n (ST i(n) l- 

" 1=1 " i=l » 1=1 " 8=1 " 8=1 " j=l 

Furthermore, ^(^(S 1 )) = Z, ^(^(S 1 )) = tt^VJUo VIU^) 7 ^) and ^(S^V^S 1 )) S 
Z * Z, ^(^(S 1 ) V ^(S 1 )) = 7r fc (V i6feZ Vr= 2 (( Si ) 7<(n) v (§T lW )) for fc > 2, where Z * Z is 
the free group on two generators. 

In particular, for Ji(S 1 ) ~ S 1 and ^(S 1 ) — § 2 V S 1 , we get the epimorphisms 

z*z — > z©z 

and 

(Z © Z)j © (Z * Z) — > (z © Z) d © (Z © Z). 
Hence, we can derive: 

Corollary 2.3. There are bisections C(^ i (§ 1 )) = (Z * Z)' and C(^ 2 (§ 1 )) = (Z * Z)' ; w/iere 
(Z * Z)' denotes the commutator subgroup of Z * Z which is an infinitely generated group. 

Remark 2.1. Observe that vr fe (V je j Vr= 2 ( §i ) 7l(ri) ) - colimj^V^j, Vr= 2 ( §i ) 7l(n) ) and 

^(V V " (( § T ,(n) V (S0 7i(n) )) = oolim^(V VT ((S*) 7 ^ V (§T* (ri) )), 

where J' C J runs over all finite subsets of J. Hence, we can make use of Hilton's result 
[To] so that the set of multiplications C(^ n (S 1 )) might be expressed by means of homotopy 
groups of appropriate spheres for n > 1. 

Similar to the Fox space, the co-multiplication of $ n (W) that yields rv^n-i(X) = [S(H /n_1 U 
*),X] = [^(W"), X] is given by the following split exact sequence which can be deduced 
from [T31 Theorem 3.1]: 

(2.1) 1 -> [SP n _ x (W),X] -> r^-!(X) ^" r W n- 2 (X) -> 1 

which is the same as 

i -> [sp n _!(iy),x] -> [ffnW, x] ^ [^_!(iy),x] -> 1. 

Here, P n (W) = W n /W n ~ 1 is the n-fold pinched space of W. 
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Hence, [!$ n (W),X] = [EP n _i(W), X] x [$ n -i{W),X] is the semi-direct product with respect 
to a natural action 

[$ n ..i(W),X] x [£/>„_! (W),*] - [SP^W,!]. 

In particular, for X = $ n -i(W) V EP n _i(VK), by the natural bijection [3 n -i(W), X] x 
[£P n _i(W),X] = [y n _i(W) V £P„_i(W0,X], the identity map id x is sent to the corre- 
sponding co-action 

a : EP^W) - #„_i(W0 V £P ft _i(W0. 

Furthermore, the natural bijection [EP n ^(W),X] x [d n -i(W), X] ^ for any 

space X yields a homotopy equivalence 

Now, write v : EP^.^iy) — > T,P n _i(W) V£P n _i(W) for the suspension co-multiplication on 
EP n _i(W) and z/ n _i : $ n -i(W) -> V# n -i(W0 for the co-multiplication on # n _i(W). 

Then, the maps 

^ : L-i(W) ^ f n _i(H/) V # n _i(W) # n (W) V # n (H/) 

and 

i/= : £P„_i(W0 ^> SP n _i(W)VEP n _i(W) ^ ff n _i(W)VSP n _i(W)VSP„_i(W) ^ ffn(W0vff n (W0 
lead to the suspension co-multiplication 
on the space ^(H 7 ). Thus, we have shown: 

Theorem 2.4. For any n > 1, the co-multiplication on the homotopy type $n(W) ~ 
£P n _i(W) Vj n _i(lf) of the space $ n (W) that corresponds to the group structure on Typn-i 
is pro en fry £/ie map constructed above 

Recall from [13] that the n-th Fox space P n = ^"(S 1 ) has the same homotopy type, as 
pointed spaces, of the pinched torus T n /T n ~ l and by Proposition 2.2, F n ~ £P„_i V P n -i- 
Hence, in light of Theorem 12. 4} we derive: 

Corollary 2.5. TTie co-multiplication on the homotopy type F n ~ £P n -i V P n -i o/ tne Fox 

space F n that corresponds to the group structure on r n is given by Theorem 12.41 for W = S 1 . 
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We end this section by noting that P n (W) is not homotopy equivalent to x$ n (W) in general. 
For example, P 2 (T 2 ) = T 4 /T 2 whereas £ 2 (T 2 ) = F 3 . 

3. Jacobi identities for generalized Whitehead products 

In [T7] , P. Hilton gave a Jacobi identity for the Whitehead product allowing elements of the 
fundamental group. While the classical Jacobi identity (for elements in higher homotopy 
groups) of [20] has been generalized for the generalized Whitehead product, Hilton's result 
[T7] has not. In this section, we give a unified approach to the Jacobi identities of Rutter's 
and Hilton's using the generalized Fox torus groups studied in [13] . We extend Rutter's 
result by allowing EC = S 1 or HB = EC = S 1 , thereby generalizing Hilton's result for 
the generalized Whitehead product. When one of the spaces is co-H, we can define the 
generalized Whitehead product via a group action similar to the treatment of Rutter's in 
[23] except that Rutter assumed one of the spaces to be a suspension. 

Now let A and B be pointed spaces. Via the projections pa '■ {{A x B) U *) — > A and 
Pb '■ ((A x B) U *) — > B, we can regard [H4, X] and [X£>,X] as subgroups of taxb(X). 
Following [18], recall that for any a G [SA, X] and (3 G [ES,X], the generalized Whitehead 
product of a and (3 is the element [a, f3] = [K'], where K' : T,(A A B) — >• X is induced by the 
map 

K = f'-g f -f- 1 -g / - 1 :J:(AxB)^X 

which, when restricted to £v4 V HB, is homotopic to a constant. Here, / : — > X, 
g : ££> — > X are maps representing a and /3, respectively and /' = fT,pA,g' = g^Ps- 
Using the co-multiplication of E(A x B), K is a well-defined map. It is easy to observe 
that [at,P] = —(££)*[/?, a], where t: AAB^BAAis the switching equivalence of smash 
products. 

In [13], we gave another interpretation of the generalized Whitehead product as follow!. 

Theorem 3.1. Let a G [SA, X] and [3 G [S5,X]. Then, the image of[a,/3] in ta x b{X) 
given by the homotopy class of the composite 

E((A xB)U*)^ E(A x B) -> E(A A B) % X 

is the commutator of the images of a and (3 in taxb(X). 



'This differs from Theorem 4.1 of [13] in which the generalized Whitehead product of [5] was used. 
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For any pointed spaces A and B with disjoint unions iU*i and BU*2, we have the following 
identification 

{A U *i) A (B U * 2 ) ~ (A x 5) U * 3 , 

where *3 corresponds to (A U *i) V (B U * 2 ) in the quotient (A U *j) A(BU * 2 ). Since, by 
definition, tw(X) = [S(VF U *),X], it follows that the generalized Whitehead product takes 
the form of 

T A (X)XT B (X)^T AxB (X). 

Hence, for a G [E(A U *i),X] and (3 G [E(B U * 2 ),X], the generalized Whitehead product 
[a, 13] G U *i) A (5 U * 2 )),X] = T4 XjB (X) is a commutator. 

Thus, the following diagram 

T A (X) x t b (X) r AxB (X) 
(3.1) | 

\LA,X\ x [E5,X] [S(iAB),I] 

is commutative. 

By using the canonical maps (A U *i) — > A and (B U * 2 ) — > B, the image of [a, (3\ given 
by the composite map in Theorem 13. II factors through t a (X) x t b (X). Furthermore, when 
A = T m_1 and B = T" -1 , the generalized Whitehead product takes the form of 

GWP : r m (X) x r n (X) - w^X). 

This means that the generalized Whitehead product gives rise to a Whitehead type product 
on the Fox torus homotopy groups {rjt(X)}. Moreover, if we denote by WP the classical 
Whitehead product 7r m (X) x 7r n (X) — > 7r m+n _!(X) then we have the following commutative 
diagram 



(X) x r„(X) ► 



(3.2) 



3m X Jn 



Jm+n— 1 



7T m (X) X 7T n (X) ^ P > 7T m+n _i(X) 



where is the inclusion Y\ i=2 Ki{X, xo) ai <^-> Tfc(X) in the split exact sequence (11.11) restricted 
to the only copy 7Tfe(X). 

For any group G, Hall [TBI p. 150, 10.2.1.4] established the following Jacobi identity for 
elements a, b, c G G: 

(*) (r 1 , a, c) 6 (c~\ 6, a) c (a~\ c, &) a = 1, 
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where (x, y,z) = ((x,y),z), (x,y) denotes the commutator xyx 1 y 1 and x v = yxy 1 for 
x,y, z G G. Furthermore, it can be easily shown 

(**) ((y~\ x), z)v = ((x, y), z)((x, y), (z~\ y))> . 

To state our Jacobi identity for the generalized Whitehead product, we first recall from [TU 
Theorem 8.22] the following: 

Lemma 3.2. The natural transformations A A B A C — > (A A B) A C and A A B A C — > 
A A (B A C) are homotopy equivalences provided that A, B and C have the homotopy type of 
pointed compactly generated Hausdorff spaces. 

Now, we prove the main result of this section. We shall write the operation in t^ xBxC -(X) 
additively. 

Theorem 3.3. Let A, B and C be pointed spaces with the homotopy type of compactly gen- 
erated Hausdorff spaces. Suppose a G [SA, X], (3 G [£.£?, X] and 7 G [EC, X] and denote by 
a,/3, and 7 the respective images in ta x bxc{X) . Then 

(1) 

(» 213 )*[[£-Sa],7]' + (^ 
where is the appropriate twisting function for i,j, k = 1, 2, 3. 

(2) If HA, TjB and EC are homotopy co- commutative co-H -spaces, then 

[[a,0\,i\ + (£t 312 )*[[7,a],/?] + (»23i)*P, ll «] = 0. 

(3) If each of HA, Y>B, and EC is either homotopy co- commutative or equal to S 1 then 

(Ei 213 )*/3- [[/r\a], 7 ] + (Et 321 )* 7 - lb~\0\M + (£i 132 )*a- [[a -1 ,7],/3] = 1 

where 

\, if £ G \EW, X] and W ^ §°; 
77*, ^/£G7^ 1 (X). 



Proof. The first assertion (1) follows from the fact that the generalized Whitehead product 
[— , — ] in taxBxc(X) coincides with the group theoretic commutator and the Jacobi identity 
(*) together with the appropriate twisting functions. 

For (2), we may assume, based upon the discussion above, that a, /3, 7 G t AxBxC (X). Thence, 
by 0), we get 

((/T 1 , a), 7 ) /3 ((7-\ 0), «) 7 ((« -1 . llPY = 1 
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in the group t Ax bxc(X). But, by means of (**), (((3 x , a), 7)^ = ((a, (3), 7) ((a, (3), (7 1 ,/?)) 7 . 
Because of a homemorphism E((A x C) A 5) ~ (A x C) A E5, both elements (oc, /3) and 
(7~\ /3) lie in the image of the abelian group [E((ix C) AB), X] in the group taxBxc(X) and 
we deduce that ((a, (3), (7- 1 , = 1. Similarly, 7), (a" 1 , 7))" = ((7, a), {fir 1 , a)f = 1. 
Finally, in light of Theorem 13.11 the following equation 

[[a,/3], 7 ] + (St 2 3i)*P,7],a] + (E* 3 i 2 )* [[7, = 

holds in the image of the abelian group [T,(A A B A C), X] in the group TaxBxcPO and (2) 
is proven. This is the same as [231 Theorem 1] but our spaces need not be CW complexes. 

To prove (3), we note that the convention £ • 77 is valid for the following reasons. When £ is 
not in tti(X), the image of rfi is conjugation in the group r and this will yield £ under the 
assumption that 77 G [E.B,X] and Y>B is co-commutative. On the other hand, if £ G 7i"i(X) 
then 77^ is given by the classical action of tti(X). Now, (3) is simply the same as (1) when 
pulled back to [HA A B A C, X]. This is a generalization of formula (12) of Hilton's [17]. □ 

Note that the obvious pointed projection A U * — > §° leads to the inclusion 7Ti(X) C t_a(X) 
for any nonempty topological space A and a pointed space X. In fact, it has been shown in 
[T3] that ta (X) = [Ev4,X] x 7Ti(X) for any pointed spaces A and X. Furthermore, this can 
be deduced from the following split exact sequence of [331 Theorem 3.1] 

(3.3) 1 -> [(V x WO/V, fiX] -> r VxW (X) r y (X) -> 1 

which generalizes that of Fox. 

When V is a point and W = A, we have r A (X) = [EA,X] X TTi(X). The splitting fl3~3l 
gives the classical action of 7Ti(X) on [HA, X]. Furthermore, when V = A and W = B, 
this splitting gives rise to an action of \HA, X] (C r^(X)) on [(A x B)/A,QX]. Since 
p x 5)/A,fiX] = [H((A x 5)/A),X] ^ [E(A A 5),X] xi [E73,X], we have an action of 
[EA,X] on [E(AAB),X] x [E73,X]. 

Next, we give an alternative definition of the generalized Whitehead product when one of 
the spaces is co-H, thereby generalizing that of Rutter's [23] . 

When B is a co-H space, it follows from the proof of [T3J, Theorem 3.1] that S((A x 
B)/A) ~ E(B V (A A B)) is co-commutative so that [E((A x B)/A),X] is abelian and 
[E((A x 5)/A),X] [E(A A B),X] x [E5,X]. Given a G [E^,X] and /3 G [S5,X], we 
define 

a* [3 := a • (3 

as the action of a on the image (3 of (3 by the inclusion [E-B, X] * [E(A A B), X] x [E5, X]. 
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Then, the image of the generalized Whitehead product [a, (3] is given by the following relation 
in the group r AxB (X): 

(3.4) ^7/? = [a, (3] +(3. 

Evidently, if A is co-H, then one can define a similar action (3 * a so that (13.41) becomes 
(3 * a = [/3,a] + a. These actions are analogous to the actions given in [231 Theorem 2]. 

4. T-Fox GROUPS and Jacobi identities 

In [22] , N. Oda defined a generalization of the generalized Whitehead product (r~ Whitehead 
product) by replacing the suspension E with the smash product with a co-grouplike space T. 
A Jacobi identity was given in pi Theorem 2.11] for [r A A, X], [V A B, X] and [r A C, X]. 
In the case when T = S 1 , Oda established the same Jacobi identity as Rutter under the 
assumption that A, B and C be co-H spaces. Thus, Rutter's result does not follow from 
Oda's since Oda's hypotheses imply that HA, YiB and EC are necessarily homotopy co- 
commutative but a space Z need not be co-H while EZ is homotopy co-commutative. 

We end the paper by showing that the Fox group r w (X) can easily be generalized by replacing 
E with T and thus we can obtain the same kind of Jacobi identities as in the last section. 
These identites generalize those obtained in [22] . 

Definition 4.1. Let X be a space and Xq G X and V a co-grouplike space. For any space 
W, the W-T-Fox group of X is defined to be 

r r M (X) = r^{X, x ) = [T A (W U *), X}. 

Note that 

7&p0 = [T(W U*),X] = [(W U *) A r, X] = [(W U *), Xf ], 

where Xf denotes the space of basepoint preserving maps from T to X. Following the 
notation of [22J , we write YW = T A W. 

Theorem 4.2. Let T be a co-grouplike space and B a well-pointed space. Then for any 
pointed space X and any space A, the following sequence 

(4.1) 1 - [T((A x B)/A),X] -> t? AxB (X) ^ r T A {X) - 1 

is split exact. 

Proof. The space B is well-pointed, so we can consider the split cofibration 

A U * U (A x B) U * -»• (A x B) /A. 

13 



The corresponding Barrett-Puppe sequence yields the following short split-exact sequence 

(4.2) 1 -» [(A x B) /A, Z\ -> [(A x5)U*, Z] ^ [A U *, Z] -»• 1 

of pointed sets for any pointed space Z. For Z = using the adjoint isomorphism, (14.21) 
yields the desired short split-exact sequence. □ 

In particular, we have the following: 

Corollary 4.3. Let W be a well-pointed space. Then the split cofibration *U* — > V^U* — > W 
leads to the isomorphism 

r^(X)^[TW,X]^[T,X]. 

Given a G [TA,X],f3 G [rs, Jf], the T- Whitehead product [a, 0\ r G [r(A A fi),X] is defined 
(see [22J) in the same way as the generalized Whitehead product GWP by simply replacing 
S by T. The co-multiplication of T allows the proof of Theorem 4.1 of [1 3J to remain valid 
when GWP is replaced by [— , — ]r- Thus, the proof of Theorem 4.1 of [13] yields the following 
T-analog of Theorem 13. 1[ 

Theorem 4.4. Let a G [IM, X] and (3 G [I\B,X]. Then, the image of [a, /3]j< in t^ xB (X) 
given by the homotopy class of the composite 

T((A x B) U *) -> T(A x B) -> T(A A B) ^ X 
is the commutator of the images of a and (3 in r^ xB (X). 

Finally, we observe that the proof of Theorem 13.31 remains valid when we replace £ with T 
and the generalized Whitehead product with the T- Whitehead product. Thus, we have: 

Theorem 4.5. Let A, B and C be pointed spaces with the homotopy type of compactly gen- 
erated H aus dor ff spaces and let Y be a co-grouplike space. Suppose a G \TA, X), f3 G [r_B,X] 
and 7 G [TC, X] and denote bya,j3, and^f the respective images in t^ xBxC (X) . Here [—, — ]r 
denotes the corresponding T- Whitehead product. Then 

(1) 

(rt 213 )*[[r i ,«]r,7]^ + (iWIlr 1 A, + (iW[[a _1 ,7]r,fl? = 1. 

(2) If FA, TB and TC are homotopy co- commutative co-H -spaces, then 

[[a,/5] r , 7 ]r + (r* 312 )*[[ 7 , a]r, P\t + (r*23i)*[[,Mr, «]r = 0. 

(3) If each of TA,TB , and TC is either homotopy co- commutative or equal to T then 

(rt 2 i 3 )*/3- [[r\a]r,7]r + (rt 32 i)*7- [[7"\/5]r,a] r + (rt 132 )*a- [[a- 1 , 7 ]r,/5]r = 1 
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where 

' \, ifie [rW, X] and YW ^ Y; 



£•77 



7* if£e[Y,X\. 



Remark 4.1. For the R Whitehead product, one can give an alternative definition in terms 
of a group action similar to (13.41) under the hypothesis that one of the spaces is co-H. 
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